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ʀʥʜʠʚʠʜʫʘʣʴʥʳʝ ʟʘʜʘʥʠʷ ʧʦ ʪʝʤʝ çʂʨʘʪʥʳʝ ʠʥʪʝʛʨʘʣʳè 
 

ɺʘʨʠʘʥʪ 1 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ñ
L

dlzyxf ),,(  ʦʪ ʬʫʥʢʮʠʠ ( ), ,f x y z  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) [ ]2 2( , , ) , : cos , sin , , 0,2f x y z x y z L x t t y t t z t t p= + + = = = Í; 

2) ( )2 2 2( , , ) , : , 2 0, 0 .f x y z x y z L x y a z x y= + + + = = ² ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

( ) ( )
1 0 0 0

2 12

, ,

y y

dy f x y dx dy f x y dx

-

- -- + - -

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ ( )2 2 1

D

x y dxdy+ññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2 2, , 2x y x y y x=- = =- +. 

4. ɺʳʯʠʩʣʠʪʴ 22 x y

V

y e dxdy dzñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

1,0,,1,0 ===== zzxyyx . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  
3

, 4 , 3, 4.xy y e y y
x
= = = = 

6. ʇʣʘʩʪʠʥʘ ʩ ʧʦʚʝʨʭʥʦʩʪʥʦʡ ʧʣʦʪʥʦʩʪʴ ʁ 2yg=  ʟʘʜʘʥʘ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2

2 1,
4

y
x + ¢  

0, 2y y x² ² . ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥ.r 

7. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Ox ʦʜʥʦʨʦʜʥʦʡ ʧʣʘʩʪʠʥʳ, ʨʘʩʧʦʣʦʞʝʥ-

ʥʦʡ ʚ ʧʝʨʚʦʤ ʢʚʘʜʨʘʥʪʝ ʠ ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 2,1 == xyxy , xyyx 2,2 == . 

8. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ S ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ xyz= , ʚʳʨʝʟʘʥʥʦʡ ʮʠʣʠʥʜʨʦʤ 
2 2 8x y+ =.  

9. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

.2,0,2,216 =+=== zxzxyxy  

10. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 25
2 , , 0

4
x y y z x z+ = = - =. 

11. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ  ( )2 22 12 , 24 2.z x y z x= - + = + 

12. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2 2

2 2 21 49, , 0.
35 3

x y x y
x y z z x y

+ +
¢ + + ¢ - ¢ ¢ - ¢ ¢ 
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ɺʘʨʠʘʥʪ 2 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L :  

1) 2 2 2( , , ) , : 1, 4f x y z z L x y z= = + =; 

2) ,),( yxyxf +=  L  ï ʛʨʘʥʠʮʘ ʦʙʣʘʩʪʠ D, ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 2,x y x y¢ ² . 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

( ) ( )
2

21 0 0

0 1
2

, ,

y

dy f x y dx dy f x y dx

y-
- -

+ñ ñ ñ ñ . 

3.ɺʳʯʠʩʣʠʪʴ 2 sin
2

D

xy
y dxdyÖññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2
,,0

x
yyx === p . 

4. ɺʳʯʠʩʣʠʪʴ 
4

1
3 4 8

V

dxdydz

x y zå õ
+ + +æ ö

ç ÷

ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

.0,0,0,1
843

====++ zyx
zyx

 

5. ʅʘʡʪʠ ʤʘʩʩʫ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 2 236 , 6 36x y x y= - = - -, ʝʩʣʠ 

ʧʣʦʪʥʦʩʪʴ xg= . 

6. ʇʣʘʩʪʠʥʢʘ D ʟʘʜʘʥʘ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2

1 2, 0,
9 4 3

x y
y y x¢ + ¢ ² ¢; 

x

y
=g  ï ʧʦʚʝʨʭ-

ʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ. 

7. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ  Ox ʦʜʥʦʨʦʜʥʦʡ ʧʣʘʩʪʠʥʳ, ʨʘʩʧʦʣʦʞʝʥ-

ʥʦʡ ʚ ʪʨʝʪʴʝʤ ʢʚʘʜʨʘʥʪʝ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʳʤʠ yxxyxyxy 2,2,2,1 ==== . 

8. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ  S ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ z x y= , ʚʳʨʝʟʘʥʥʦʡ ʮʠʣʠʥʜʨʦʤ 
2 2 8x y+ =. 

9. ʅʘʡʪʠ ʤʘʩʩʫ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ ,
3

5
,5

x
yxy ==  ,0=z  

3

5
5

x
z += , ʝʩʣʠ y=g  ï ʧʣʦʪʥʦʩʪʴ ʪʝʣʘ. 

10. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  
2 2 2 2 2 2, 4 , , 0.x y y x y y z x y z+ = + = = + = 

11. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2 2 25 2, 4 7, 4 9 5 , 1 9 5 .y x y x z x y z x y= - =- + = + + =- + + 

12. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2 2

2 2 24 64, , 3 0.
15 3

x y x y
x y z z x y

+ +
¢ + + ¢ ¢ ¢ - ¢ ¢ 
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ɺʘʨʠʘʥʪ 3 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ñ
L

dlzyxf ),,(  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) 
2

( , , ) 2 , : , , 1, 0 1
2

t
f x y z y z L x t y z t= = = = ¢ ¢; 

2) ( )2 2( , , ) , : 1, 2 0f x y z z x L x z y x= + = = ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ ( ) ( )

2
221

0 0 1 0

, ,

y y

dy f x y dx dy f x y dx

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ ( )2 2 3 336 96

D

x y x y dxdy-ññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

331, ,x y x y x= = =-. 

4. ɺʳʯʠʩʣʠʪʴ 2 28 xyz

V

y ze dxdydzñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

.0,0,0,1,2,1 =====-= zyxzyx  

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

2 2 2 26 0, 8 0, , 3 .
3

x
y y x y y x y y x- + = - + = = = 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥ rD, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ ,0,1 == yx  ( )2 4 0y x y= ² ,  ʝʩʣʠ 
27

5
2

x
yg= +  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ ʧʣʘʩʪʠʥʳ.  

7. ɺʳʯʠʩʣʠʪʴ ʤʘʩʩʫ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

)0,0(012,022,4,1 ²²=+-=--== yxyxyxxyxy , 

ʝʩʣʠ ʧʣʦʪʥʦʩʪʴ ( )2x y xyg= + . 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 2x z a+ = , ʚʳʨʝʟʘʥʥʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ  

( )2 2 2 0y z a y+ = ². 

9. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2, , 0, 0, 15 .x y y x y z z x+ = = = = = 

10. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

( )2 2 2 28 2 , 64, 0 0 .x y x z x y z z+ = = + - = ² 

11. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz  ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠ-

ʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2 25 2, 3, 3 1, 3 5.x y x z x y z x y=- + =- = + + = + - 

12. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 24 64, , 0.
3 3

x y x
x y z z y

+
¢ + + ¢ ¢ - ¢ ¢ 
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ɺʘʨʠʘʥʪ 4 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) [ ]2( , , ) , : 2 , , 3, 0f x y z x z y L x t y t z t t= + + = = = Í -; 

2) 2 2 2( , , ) 2 , : , 4f x y z x z y L x y a z= - + = =. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
21 2

0 0 1 0

, ,

yy

dy f x y dx dy f x y dx

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2

4

xy

D

e dxdyy
-

ññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

xyyx === ,2,0 . 

4. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( )3 4

V

x y dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

( )2 2, 0, 1, 5 , 0y x y x z x y z= = = = + =. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 28 , 2 .x y x y= - =- 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ D, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 922 =+yx , 1622 =+yx , 

0,0 == yx , ( )0,0 ²² yx , ʝʩʣʠ 
2 2

2 5x y

x y
g

+
=

+
 ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ ʧʣʘʩʪʠʥʳ. 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  

)0,0(012,022,4,1 ¢¢=+-=--== yxyxyxxyxy . 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 2x z a+ = , ʚʳʨʝʟʘʥʥʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ 

( )2 2 2 0y z a y+ = ¢.  

9. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

.0,12,,2 ====+ zyzxyyx  

10. ʅʘʡʪʠ ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oyz  ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, 

ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  
2 2 24 0, 8 , 0.x y x z y z+ + = = - = 

11. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 264 4 , 1, 4 60z x y z x y= - - = + = (ʚʥʫʪʨʠ ʮʠʣʠʥʜʨʘ). 

12. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
2 2

2 2 24 36, , 0
63 3

x y x
x y z z y

+
¢ + + ¢ ²- ¢ ¢-. 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) [ ]2( , , ) 5 4 , : , 2, 1, 1, 0f x y z z x y L x t y z t t= + + = = = - Í -; 

2) ( )2 2( , , ) , : 1, 5 0, 0f x y z x y L x y z x y= + = = ² ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
2

1 0 0 0

12 2

, ,

xx

dx f x y dy dx f x y dy

-

-- - -

+ñ ñ ñ ñ. 

3. ɺʳʯʠʩʣʠʪʴ sin

D

y xydxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2,1,,
2

==== xxyy p
p

. 

4. ɺʳʯʠʩʣʠʪʴ ( )31 2

v

x dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

0,,1,0,9 ===== zxyzxyxy . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 
3

, 8 , 3, 8.xy y e y y
x
= = = = 

6. ʇʣʘʩʪʠʥʢʘ D ʟʘʜʘʥʘ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2

21 4, 0,
4 2

x x
y y y¢ + ¢ ² ¢;  

3

8y

x
g=  ï  ʧʦʚʝʨʭ-

ʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ. 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

, , , (0 , 0 )x y a x y b y cx y mx a b c m+ = + = = = < < < <. 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 2x z a+ = , ʚʳʨʝʟʘʥʥʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ 

( )2 2 2 0y z a z+ = ². 

9. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
1

20 2 , 5 2 , 0, .
2

x y x y z z y= = = + = 

10. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠ-

ʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

( )2 2 2 2 2 26 , 9 , , 0, 0 0 .x y x x y x z x y z y y+ = + = = + = = ¢ 

11. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 2 216
9 , 2 9 .

9
z x y z x y= - - = + 

12. ʅʘʡʪʠ ʦʙʲʸʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 21 36, , 3 3 .
99

x y
x y z z x y x

+
¢ + + ¢ ² - ¢ ¢ 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( , , ) ,f x y z x y z= + + L  ï ʦʪʨʝʟʦʢ, ʩʦʝʜʠʥʷʶʱʠʡ ʪʦʯʢʠ ( )2,0,0A  ʠ ( )4, 1, 2B ; 

      2) ( )2 2( , , ) 2 , : 4, 2 0, 0f x y z x y z L x y z x y= + + = = ¢ ². 

2. ʀʟʤʝʥʠʪʴ  ʧʦʨʷʜʦʢ  ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )

1
arcsin arccos12

10 0 0
2

, , .

y y

dy f x y dx dy f x y dx+ñ ñ ñ ñ  

3. ɺʳʯʠʩʣʠʪʴ 2 cos
2

D

xy
y dx dyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ Dʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

.
2

,
2

,0
x

yyx ===
p

 

4. ɺʳʯʠʩʣʠʪʴ3(27 54 )

V

y dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

.0,,1,0, ===== zxyzxyxy  

5. ʅʘʡʪʠ  ʧʣʦʱʘʜʴ  ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ .16,
2

1
,

2
=== x

x
y

x
y  

6. ʇʣʘʩʪʠʥʢʘ  D   ʦʛʨʘʥʠʯʝʥʘ  ʣʠʥʠʷʤʠ 2 2 2 21, 16,x y x y+ = + = 0,0 == yx ,  

)0,0( ²² yx ,  
2 2

x y

x y
g

+
=

+
 ï  ʧʦʚʝʨʭʥʦʩʪʥʘʷ  ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ  ʤʘʩʩʫ   

ʧʣʘʩʪʠʥʢʠ. 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʳʤʠ 2 2, 2xy a xy a= = ,         

xyyx 2, == ,  ( )0,0 >> yx .  

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 2x z a+ = , ʚʳʨʝʟʘʥʥʦʡ ʧʦʚʝʨʭʥʦʩʪʴʶ 

( )2 2 2 0y z a z+ = ¢. 

9. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

).3(
6

5
,0,

6

5
,

2

5
yzz

y
x

y
x +====  

10. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ,  ʦʛʨʘʥʠ-

ʯʝʥʥʦʛʦ  ʧʦʚʝʨʭʥʦʩʪʷʤʠ  
2 2 2 26 2 , 36, 0 ( 0).x y y z x y z z+ = = + - = ² 

11. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 23 4 , 10 4 .z x y z x y= + = - - 

12. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 225 100, , 3 3 .
99

x y
x y z z x y x

+
¢ + + ¢ ¢- ¢ ¢- 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ñ
L

dlzyxf ),,(  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( , , ) 2 ,f x y z x y z L= + +  ï ʦʪʨʝʟʦʢ, ʩʦʝʜʠʥʷʶʱʠʡ ʪʦʯʢʠ ( )5,0,2A  ʠ ( )7, 1, 2B ; 

2) ( , , ) ,f x y z x z= + L  ï ʯʘʩʪʴ ʢʨʠʚʦʡ 1 cos ( 0)yr j= + ², ʣʝʞʘʱʝʡ ʚ ʧʣʦʩʢʦʩʪʠ 0z= . 

2. ʀʟʤʝʥʠʪʴ  ʧʦʨʷʜʦʢ  ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
21 0

2 0 1 0

, , .

y y

dy f x y dx dy f x y dx

+ --

- -

+ñ ñ ñ ñ  

3. ɺʳʯʠʩʣʠʪʴ 24 xy

D

ye dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

1,
2

1
,4ln,3ln ==== xxyy . 

4. ɺʳʯʠʩʣʠʪʴ 
V

ydxdydzñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,,1,0,15 ===== zxyzxyxy . 

5. ʅʘʡʪʠ  ʧʣʦʱʘʜʴ  ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ  ʣʠʥʠʷʤʠ 
2 2 2 24 0, 6 0, , 0.y y x y y x y x x- + = - + = = = 

6. ʇʣʘʩʪʠʥʢʘ  D   ʦʛʨʘʥʠʯʝʥʘ  ʣʠʥʠʷʤʠ 22, 0, ( 0)
2

x
x y y y= = = ²; 

27
6

2

x
yg= +  ï  

ʧʦʚʝʨʭʥʦʩʪʥʘʷ  ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ  ʤʘʩʩʫ  ʧʣʘʩʪʠʥʢʠ. 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʳʤʠ 2 2, 2xy a xy a= = , 

xyyx 4, == ,  ( )0, 0x y< < .  

8. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʛʠʧʝʨʙʦʣʠʯʝʩʢʦʛʦ ʧʘʨʘʙʦʣʦʠʜʘ  
2 2

2
x y

z
a b
- = , ( )0²z , 

ʚʳʨʝʟʘʥʥʦʡ ʮʠʣʠʥʜʨʦʤ 
2 2

2 2
1

x y

a b
+ =. 

9. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2, , 0, 0, 30x y x y x z z y+ = = = = =. 

10. ʅʘʡʪʠ  ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ  Oxz ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦ-

ʚʝʨʭʥʦʩʪʷʤʠ 2 2 29
2 , , 0

4
x y y z x z+ = = - =, ʝʩʣʠ ʧʣʦʪʥʦʩʪʴ x=g . 

11. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2

2 225 , .
99

x y
z x y z

+
= - - =  

12. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 21 49, 0 , , 3
24 3

x y x
x y z z y y x

+
¢ + + ¢ ¢ ¢ ¢- ¢-. 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ñ
L

dlzyxf ),,(  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) 2 2( , , ) ,f x y z x y z= - + L  ï ʦʪʨʝʟʦʢ AB, ʛʜʝ 0,0,1A ,  4,3,1B ; 

2) ( )2 2( , , ) 4 , : 9, 1 0, 0f x y z x y z L x y z x y= + = = ¢ ². 

2. ʀʟʤʝʥʠʪʴ  ʧʦʨʷʜʦʢ  ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  ( ) ( )
ln1 0

0 1 1

, , .

ye

y

dy f x y dx dy f x y dx

-

--

+ñ ñ ñ ñ  

3. ɺʳʯʠʩʣʠʪʴ 24 sin

D

y xydxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

xyyx === ,
2

,0
p

. 

4. ɺʳʯʠʩʣʠʪʴ 
5

1
16 8 3

V

dxdydz

x y zå õ
+ + +æ ö

ç ÷

ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,0,0,1
3816

====++ zyx
zyx

. 

5. ʅʘʡʪʠ  ʧʣʦʱʘʜʴ  ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ  ʣʠʥʠʷʤʠ 
2 2 212, 6 .x y y x+ = - =  

6. ʇʣʘʩʪʠʥʢʘ  D   ʟʘʜʘʥʘ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
22 3

1 4, 0,
4 9 2

x y x
x y¢ + ¢ ² ²; 

y

x
=g  ï ʧʦ-

ʚʝʨʭʥʦʩʪʥʘʷ  ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ  ʤʘʩʩʫ  ʧʣʘʩʪʠʥʢʠ. 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʳʤʠ 2 2y px= , 2 2y qx= , 2 2 ,x ry=  

( )2 2 , 0 , 0x sy p q r s= < < < <. 

8. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ  2 2 2 1x y z+ + =, ʚʳʨʝʟʘʥʥʦʡ ʧʣʦʩʢʦʩʪʷʤʠ 

0,0,0 === zyx . 

9. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
12

2, , , 0.
5

x
x y x y z z+ = = = = 

10. ʅʘʡʪʠ  ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oyz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, 

ʦʛʨʘʥʠʯʝʥʥʦʛʦ  ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2 2 22 , 5 , , 0.x y y x y y z x y z+ = + = = + = 

11. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2100 9 , 6, 9 51z x y z x y= - - = + = (ʚʥʫʪʨʠ  ʮʠʣʠʥʜʨʘ). 

12. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 225 121, 0, , 3
24 3

x y x
x y z z y y x

+
¢ + + ¢ - ¢ ¢ ²- ²-. 
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ɺʘʨʠʘʥʪ  9 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ,3),,( zyxzyxf -+=  L  ï ʦʪʨʝʟʦʢ AB, ʛʜʝ  ɸ(0,0,1),  ɺ(1,0,2); 

2) ( )3 3 2 2 2 2( , , ) , : ( ) 2 , 2 0, 0f x y z x y z L x y a x y z x y= + + = = ² ². 

2. ʀʟʤʝʥʠʪʴ  ʧʦʨʷʜʦʢ  ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )

2 21 2 0

0 1 02

, , .

x x

dx f x y dy dx f x y dy

- -

--

+ñ ñ ñ ñ  

3. ɺʳʯʠʩʣʠʪʴcos2

D

y xy dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

1,
2

1
,,

2
==== xxyy p

p
. 

4. ɺʳʯʠʩʣʠʪʴ 2 2(3 )

V

x y dxdy dz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,0,0,1,10 ====+= zyxyxyz . 

5. ʅʘʡʪʠ  ʧʣʦʱʘʜʴ  ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

2 212 , 2 3 12 , 0 ( 0)y x y x x x= - = - - = ². 

6. ʅʘʡʪʠ  ʤʘʩʩʫ  ʧʣʘʩʪʠʥʢʠ D,  ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ ,0,1 == yx  2 4 , ( 0)y x y= ² ,  

ʝʩʣʠ ʧʦʚʝʨʭʥʦʩʪʥʘʷ  ʧʣʦʪʥʦʩʪʴ 23x yg= + .  

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʢʨʠʚʳʤʠ 2 2, 2 ,x y x y= =  3 2 3 23 , 2 .x y x y= =  

8. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ   ʯʘʩʪʠ ʢʦʥʠʯʝʩʢʦʡ ʧʦʚʝʨʭʥʦʩʪʠ 2 2z xy= , ʦʪʩʝʢʘʝʤʦʡ  ʧʣʦʩ-

ʢʦʩʪʷʤʠ 0,0,1 ===+ xyyx . 

9. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

.
2

1
,0,22,217 =+=== zxzxyxy  

10. ʅʘʡʪʠ  ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠOyz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘ-

ʥʠʯʝʥʥʦʛʦ  ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 22 2 0, 4, 0 ( 0)x y y z x y z z+ + = = + - = ². 

11. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2
2 221 4 23

, 4
2 2

x y
z z x y

+
= = - - . 

12. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

2 2 2 2
2 2 24 64, , 0

35 3

x y x y
x y z z x y

+ +
¢ + + ¢ - ¢ ¢ ¢ ¢. 
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ɺʘʨʠʘʥʪ 10 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( , , ) 2 ,f x y z x y z= - + L ï ʣʦʤʘʥʘʷ ʆɸɺ, ʛʜʝ  ( ) ( ) ( )0, 0, 2 , 1, 1, 2 , 2,1,2O A B ; 

2) 
2 2 2

2 2 3 3 3( , , ) 4 , : , 1f x y z x y z L x y a z= - + = =. 

2. ʀʟʤʝʥʠʪʴ  ʧʦʨʷʜʦʢ  ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
2 2

3 0 0 0

2 34 4 2

, , .

x x

dx f x y dy dx f x y dy

-

- -- - - -

+ñ ñ ñ ñ  

3. ɺʳʯʠʩʣʠʪʴ 2 8

xy

D

y e dxdy
-

ññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2
,2,0

x
yyx === . 

4. ɺʳʯʠʩʣʠʪʴ 15

V

xydxdydzñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 23 , 0, , 0, 1z x y z y x y x= + = = = =. 

5. ʅʘʡʪʠ  ʧʣʦʱʘʜʴ  ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ  ʣʠʥʠʷʤʠ 

9,
2

3
,

2

3
=== x

x
yxy . 

6. ʅʘʡʪʠ ʤʘʩʩʫ  ʧʣʘʩʪʠʥʢʠ D, ʟʘʜʘʥʥʦʡ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
22

1 2,
4 9

x y
¢ + ¢ 

3
0, 0

2
x y x² ¢ ¢ , 

ʝʩʣʠ ʧʦʚʝʨʭʥʦʩʪʥʘʷ  ʧʣʦʪʥʦʩʪʴ 2xg= . 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ  ʣʠʥʠʷʤʠ 1, 2x y x y+ = + =, 

, 0x y y= =. 

 8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ  ʢʦʥʠʯʝʩʢʦʡ ʧʦʚʝʨʭʥʦʩʪʠ 2 2z x y= + , ʟʘʢʣʶʯʝʥʥʦʡ ʚʥʫʪʨʠ 

ʮʠʣʠʥʜʨʘ 2 2 2x y x+ = . 

9. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

.
9

)3(5
,0,

9

5
,

3

5 x
zz

x
y

x
y

+
====  

10. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 24 , 10 , 0x y x z y z+ = = - =. 

11. ʅʘʡʪʠ  ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxy ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, 

ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 216 9 , 6 9 .z x y z x y= - - = + 

 12. ʅʘʡʪʠ  ʦʙʲʝʤ  ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ  ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2 2

2 2 216 100, , 3 0
15 3

x y x y
x y z z x y

+ +
¢ + + ¢ ¢ ¢ ¢ ¢. 
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ɺʘʨʠʘʥʪ 11 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) ( )2( , , ) 1 4 , : , 0 1 0f x y z x L x z y z= + = = - ¢ ¢; 

 2) ( )2 2( , , ) 2 5 , : 36, 1 0, 0f x y z x y z L x y z x y= - + = = ² ².  

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ ( ) ( )
2

1 1 1

0 1 ln1

, ,

e

xx

dx f x y dy dx f x y dy

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ ( )12 sin 2

D

y xy dxdyññ ,  ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

3,2,
2

,
4

==== xxyy
pp

. 

4. ɺʳʯʠʩʣʠʪʴ: 
3(4 8 )

V

z dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

0,,1,0, ===== zxyzxyxy . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 
2 224 , 2 3 , 0 ( 0)y x y x x x= - = = ². 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D, ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
2

21 2,
4

x
y¢ + ¢ 0

2

x
y¢ ¢ ,  

ʝʩʣʠ ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ 3yg= . 

7. ɺʳʯʠʩʣʠʪʴ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  

xy= ,  xy 2= ,  x y= ,  4x y= . 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʩʬʝʨʳ 2 2 2 2x y z a+ + =, ʟʘʢʣʶʯʝʥʥʦʡ ʚʥʫʪʨʠ ʮʠʣʠʥʜʨʘ 

( )2 2 2 0x z b b a+ = < <. 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 15
8, 2 , 0, 0,

11

x
x y y x y z z+ = = = = =. 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2 2 27 , 10 , , 0, 0 ( 0)x y x x y x z x y z y y+ = + = = + = = ¢. 

11. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz  ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 224( ) 1, 48 1z x y z x= + + = +. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

2 2
2 2 216 100, , 3

3 3

x y x
x y z z x y

+
¢ + + ¢ ¢ - ¢ ¢-. 
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ɺʘʨʠʘʥʪ 12 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) [ ]2 33( , , ) , : , 2, 0,1f x y z x z y L y x z x= Ö = = Í; 

2) ( )
2

2( , , ) , : 1, 3 0, 0
4

y
f x y z x y z L z x z y= + = = ² ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )

3 21 2

0 0 1 0

, ,

y y

dy f x y dx dy f x y dx

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ ( )2 cos

D

y xy dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

xyyx === ,,0 p . 

4. ɺʳʯʠʩʣʠʪʴ 3(1 2 )

V

x dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,,1,0,36 ===== zxyzxyxy . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  

sin , cos , 0 (0 / 2)y x y x x x p= = = ¢ ¢ . 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D,  ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2

21 25, 0
4

x
y x¢ + ¢ ², 

2

x
y² , 

ʝʩʣʠ ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ 
2

x

y
g= . 

7. ɺʳʯʠʩʣʠʪʴ ʤʘʩʩʫ ʬʠʛʫʨʳ, ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
4 41 9 2, 0 81x y y x¢ + ¢ ¢ ¢, 

ʝʩʣʠ ʧʣʦʪʥʦʩʪʴ 
1

x y
g= . 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʯʘʩʪʠ ʩʬʝʨʳ 2 2 2 2x y z a+ + = , ʨʘʩʧʦʣʦʞʝʥʥʦʡ ʚʥʝ ʮʠʣʠʥʜʨʘ 

( )2 2 2 0x z b b a+ = < <. 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,3,0,2,4 =====+ zyzyxyyx . 

10. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 28 2 , 64, 0 ( 0)x y y z x y z z+ = = + - = ². 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 22 18[( 1) ], 36 34z x y z x= - + + =- -. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 216 64, , 3
63 3

x y x
x y z z y x

+
¢ + + ¢ ²- - ¢ ¢-. 

 



 15 

ɺʘʨʠʘʥʪ 13 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) ( )2( , , ) , : , 1 0 2f x y z z x L z y x y= = = ¢ ¢; 

2) 2( , , ) 2 ,f x y z y x z= +   L: ʦʢʨʫʞʥʦʩʪʴ 2 2 2 1,x y z x y+ + = =. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

( ) ( )
4 2sin cos

0 0 4 0

, ,

y y

dy f x y dx dy f x y dx

p p

p

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 4
xy

D

ye dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

ln2, ln3, 4, 8y y x x . 

4. ɺʳʯʠʩʣʠʪʴ 21

V

xzdxdydzñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

, 0, 2, , 0y x y x z xy z . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 
2 2 2 24 0, 6 0, 3 , 0y y x y y x y x x- + = - + = = =. 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ ,0,2 == yx  
2 ( 0)

2

x
y y= ² , ʝʩʣʠ 

22 3x yg= +  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ ʧʣʘʩʪʠʥʳ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ   u,  v  ʠ ʚʳʯʠʩʣʠʪʴ  ʠʥʪʝʛʨʘʣ 2 2 2( )

D

x y y dxdy+ññ , ʝʩʣʠ   

ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  xyxy
x

y
x

y 3,,
2

,
1

==== . 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʧʦʚʝʨʭʥʦʩʪʠ ʢʦʥʫʩʘ ( )2 2 21
0

3
x y z z+ = ², ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭ-

ʥʦʩʪʴʶ  ( )0y z a a+ = >. 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

( )5 5 5
, , 0, 3

6 18 18
x y x y z z y= = = = +. 

10. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 213
2 , , 0

4
x y y z x z+ = = =. 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 2 23
1 4 , 4

2

z
z x y x y= - - = +. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 24 49, , 0, 3
99

x y
x y z z y y x

+
¢ + + ¢ ² ¢ ¢. 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) 2( , , ) 1 4 , : , 3, 1 0f x y z y z L z x x y x= - + = + = - ¢ ¢; 

2) ,),( yxyxf += L: ʧʨʘʚʳʡ ʣʝʧʝʩʪʦʢ ʣʝʤʥʠʩʢʘʪʳ 2 cos2r j= . 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
3

1 0 0 0

2 (2 ) 1

, ,

x x

dx f x y dy dx f x y dy

-

- - + -

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ ( )24 sin 2

D

y xy dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

xyyx 2,2,0 === p . 

4. ɺʳʯʠʩʣʠʪʴ 
6(1 )

10 8 3
V

dxdydz

x y z
+ + +

ñññ ,   ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ   

0,0,0,1
3810

====++ zyx
zyx

. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

2 2
18 3 2 18,y x y x= - = - -. 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D , ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2

2

16
1 4

x
y¢ + ¢, 0 4x y¢ ¢ , ʝʩʣʠ 

75xy=g  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ.  

 7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ u  ʠ  v ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
2( )

D

x y
dxdy

x

+
ññ , ʝʩʣʠ ʦʙ-

ʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  xy
x

yxyxy 2,
2

,3,1 ==-=-= . 

8. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʧʦʚʝʨʭʥʦʩʪʠ ʢʦʥʫʩʘ 2 2z x y= + , ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʴʶ 

2 3x z+ =. 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2,0,24,219 =+=== yzzyxyx . 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2 2 23 , 6 , , 0x y y x y y z x y z+ = + = = + =. 

11. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oyz  ʪʝʣʘ,  ʦʛʨʘʥʠʯʝʥʥʦʛʦ  ʧʦ-

ʚʝʨʭʥʦʩʪʷʤʠ 2 2 2 26 9 , 16 9z x y z x y= + = - -, ʝʩʣʠ  ʧʣʦʪʥʦʩʪʴ y=g . 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

2 2
2 2 236 121, , 3 , 0

99

x y
x y z z y x y

+
¢ + + ¢ ¢- ² ². 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) ( )3( , , ) 1 9 , : , 1 1 1f x y z x y z L y x z x= + = = - ¢ ¢; 

2) 2 2 2 2( , , ) , : , 2f x y z x z L x y a z= + = =. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
1 1

0 0 1 ln

, ,

y e

y

dy f x y dx dy f x y dx+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 2 cos2

D

y xydxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2,1,
2

,
4

==== xxyy
pp

. 

4. ɺʳʯʠʩʣʠʪʴ 
2 2( 3 )

V

x y dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,0,0,1,10 ====+= zyxyxxz . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

2 2 2 22 0, 6 0, , 0
3

x
y y x y y x y x- + = - + = = =. 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ D , ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ ,0,
2

1
== yx  2 8 ( 0)y x y= ² ,   

ʝʩʣʠ  27 3x yg= +  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ  u  ʠ  v  ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 3 3( )

D

x y dxdy+ññ , ʝʩʣʠ ʦʙ-

ʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  2 2 1 3
, 3 , 2 , 2y x y x y y

x x
= = = =. 

8. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ z d

s

sñ ,  ʛʜʝ ï ʯʘʩʪʴ ʢʦʥʫʩʘ 2 2 2x y z+ = , ʚʳʨʝʟʘʥʥʘʷ ʮʠʣʠʥ-

ʜʨʦʤ 2 2 2x y a+ = . 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 8, 2 , 0, 0,x y x y x z z y+ = = = = =. 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 26 2 , 36, 0 ( 0)x y x z x y z z+ = = + - = ². 

11. ʅʘʡʪʠ ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘ-

ʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 226( ) 2, 52 2z x y z x= + - =- -. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

2 2
2 2 24 64, 0 , 3 ,

24 3

x y x
x y z z y x y

+
¢ + + ¢ ¢ ¢ ¢ ¢. 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ,2),,( zyxzyxf -+= L: ʣʦʤʘʥʘʷ ɸɺʉ, ʛʜʝ ( ) ( ) ( )1, 0, 0 , 1,1, 0 , 1,1,1A B C ; 

2) 2 2( , , )f x y z x y= + ,  L:  ʧʦʣʦʚʠʥʘ ʦʢʨʫʞʥʦʩʪʠ ( )2 2 2 4, 0x y z x y y+ + = =- ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
1 0 2 0

0 1 2

, ,

y y

dy f x y dx dy f x y dx

- - -

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 
2 2

xy

D

y e dxdy
-

ññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

xyyx === ,2,0 . 

4. ɺʳʯʠʩʣʠʪʴ (60 90 )

V

y z dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

2 2, 0, 1, , 0y x y x z x y z= = = = + =. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 
2

, 5 , 2, 5xy y e y y
x
= = = =. 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D , ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

1 3
9 4

x y
¢ + ¢, 0²y , xy

3

2
¢ , ʝʩ-

ʣʠ 
x

y
=g  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ u  ʠ  v ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( )

D

xy x y dxdy+ññ , ʝʩʣʠ ʦʙ-

ʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 1,1,
2

,
1

=--=-== yxyx
x

y
x

y . 

8. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( )x y z d

s

s+ +ñ , ʛʜʝ    ï ʧʦʣʫʩʬʝʨʘ  

2 2 2 2, 0x y z a z+ + = ². 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,
5

3
,0,2,4 =====+ z

x
zyyxyx . 

10. ʅʘʡʪʠ ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘ-

ʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 22 2 , 4, 0 ( 0)x y y z x y z z+ = = + - = ². 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 22[( 1) ] 1, 4 5z x y z x=- - + - = -. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

2 2
2 2 236 144, 0, 3 ,

24 3

x y x
x y z z y x y

+
¢ + + ¢ - ¢ ¢ ² ². 
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1. ɺʳʯʠʩʣʠʪʴ  ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( )2( , , ) 1, : 1, 3 1 0f x y z x z y L y x z x= + + = - = - ¢ ¢; 

2) ( , , ) 3 ,f x y z x y z= -    ( )
2 2 2,

: 0, 0
3

x y z
L x y

z

ë + =î
² ¢ì

=îí
. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

( ) ( )
2

1 0 2 0

0 1 2

, ,

y y

dy f x y dx dy f x y dx

- - -

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ sin

D

y xydxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

1,
2

1
,2, ==== xxyy pp . 

4. ɺʳʯʠʩʣʠʪʴ 
10 5

3 3
V

x dxdydz
å õ

+æ ö
ç ÷
ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

0,,1,0,9 ===== zxyzxyxy . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 
2 2 236, 3 2 , 0x y y x y+ = = ². 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D , ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2

21 4, 0
25

y
x y¢ + ¢ ², ʝʩʣʠ 

27yg=   ï  ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ  u  ʠ  v ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 2

D

x dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D 

ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 3 3, 2 , 2 , 3y x y x y x y x= = = =. 

8. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( )
()

2 2x y ds

s

+ñ , ʛʜʝ  ï ʛʨʘʥʠʮʘ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥ-

ʩʪʚʦʤ  2 2 1x y z+ ¢ ¢. 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

3,0,3,36 =+=== zxzxyxy . 

10. ʅʘʡʪʠ ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oyz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘ-

ʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 24 , 12 , 0x y x z y z+ = = - =. 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 22( ) 1, 4 1z x y z y=- + - = -. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2 2

2 2 29 81, , 0
3 35

x y x y
x y z z y x

+ +
¢ + + ¢ - ¢ ¢ ¢ ¢-. 
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1. ɺʳʯʠʩʣʠʪʴ   ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( )( , , ) , : ln , 3 15f x y z x z L y x z x x= = = ¢ ¢ ; 

2) ( )
2 2

( , , ) , : 1, 5 0, 0
9 4

x y
f x y z x y z L z x y= + = = ¢ ¢. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ   

( ) ( )

3 21 2

0 0 1 0

, ,

y y

dy f x y dx dy f x y dx

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 
2 cos2

D

y xydxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2
,

2
,0

x
yyx ===

p
. 

4. ɺʳʯʠʩʣʠʪʴ (9 18 )

V

z dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,,1,0,4 ===== zxyzxyxy . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

4,
3

,3 === x
x

yxy . 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ, 
2

21 4, 0,
9

y
x y¢ + ¢ ²  ʝʩʣʠ 

2xg=  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ u  ʠ  v ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 2 2( )

D

x y dxdy+ññ , ʛʜʝ ʦʙʣʘʩʪʴ 

D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 
1 3

, , 3 , 2y y y x y x
x x
= = = = 0, 0x y² ². 

8. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
( )

2
1

d

x ys

s

+ +
ñ , ʛʜʝ   ï ʚʝʨʭʥʷʷ ʛʨʘʥʴ ʪʝʪʨʘʵʜʨʘ, ʟʘʜʘʥʥʦʛʦ ʥʝ-

ʨʘʚʝʥʩʪʚʘʤʠ  0,0,0,1 ²²²¢++ zyxzyx . 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

)3(
18

5
,0,

18

5
,

6

5
xzzxyxy +==== . 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 2 2 28 , 11 , , 0, 0 ( 0)x y x x y x z x y z y y+ = + = = + = = ¢. 

11. ʅʘʡʪʠ ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oyz ʦʜʥʦʨʦʜʥʦʛʦ  ʪʝʣʘ, 

ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 2 23 5
25 , 25

2 2
z x y z x y= + = - - . 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2 2

2 2 236 144, , 0 3
3 15

x y x y
x y z z y x

+ +
¢ + + ¢ - ¢ ¢- ¢ ¢-. 
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1. ɺʳʯʠʩʣʠʪʴ   ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( ) ( )2( , , ) , : 1 ln 1 , 3 3 4f x y z x z L y x z x= = - - = ¢ ¢; 

2) ( )
2

2( , , ) , : 1, 3 0
4

y
f x y z x y z L z x z= + = = ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ   

( ) ( )
2 2

3 0 2 0

0 34 2 4

, ,

x x

dx f x y dy dx f x y dy

- - - -

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 
48 xy

D

ye dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

2

1
,

4

1
,4ln,3ln ==== xxyy . 

4. ɺʳʯʠʩʣʠʪʴ 
23

V

y dxdydzñññ ,  ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

0,,2,0,2 ===== zxyzxyxy . 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

2 2 2 24 0, 10 0, , 3
3

x
y y x y y x y y x- + = - + = = =. 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ D , ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 22, 2 , 0 ( 0)x y x y y= = = ², ʝʩ-

ʣʠ 
27

4 2

x y
g= +  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ u  ʠ  v ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
D

xdxdyññ , ʛʜʝ  ʦʙʣʘʩʪʴ D  

ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  
3 3 2 2, 2 , 3 , 5 .y x y x y x y x= = = = 

8. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ xyz d

s

sñ , ʛʜʝ   ï ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 

2 2, 1z x y z= + ¢. 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 5
18, 3 , 0, 0,

11

x
x y y x y z z+ = = = = =. 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 24 2 , 16, 0 ( 0)x y x z x y z z+ = = + - = ². 

11. ʅʘʡʪʠ ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oyzʦʜʥʦʨʦʜʥʦʛʦ  ʪʝʣʘ, ʦʛʨʘ-

ʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 230( ) 1, 60 1z x y z y= + + = +. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

2 2
2 2 236 144, , 3

3 3

x y x
x y z z x y

+
¢ + + ¢ ¢ ¢ ¢. 
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1. ɺʳʯʠʩʣʠʪʴ   ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L : 

1) ( )2 1
( , , ) 3 , : ln 1 , 2 0

4
f x y z z L y x z x

å õ
= = - = ¢ ¢æ ö

ç ÷
; 

2) 2 2 2 2 2( , , ) 6 2 , : 4, , 0f x y z x y L x y z y x z= - + + = = ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

( ) ( )
3

1 0 0 0

2 (2 ) 1

, ,

y y

dy f x y dx dy f x y dx

-

- - + -

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 
23 sin

2
D

xy
y dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

xyyx
3

2
,

3

4
,0 ===

p
. 

4. ɺʳʯʠʩʣʠʪʴ 4

1
2 4 6

V

dx dy dz

x y zå õ
+ + +æ ö
ç ÷

ñññ ,  

ʝʩʣʠ ʦʙʣʘʩʪʴ V ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  0,0,0,1
642

====++ zyx
zyx

. 

5. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ oy ʦʜʥʦʨʦʜʥʦʡ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  

225 5
,

4 2
y x y x= - = -. 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʳ D, ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2

21 9, 0, 4
16

y
x y y x¢ + ¢ ² ¢,   

ʝʩʣʠ 
3

y

x
g=  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʚʝʩʪʠ ʥʦʚʳʝ ʧʝʨʝʤʝʥʥʳʝ u  ʠ  v ʠ ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ 
()

2 sin

D

x xy
dxdy

yññ , ʛʜʝ ʦʙ-

ʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 2 2 2 22 , 3 , , 4y x y x y x y x= = = =. 

8. ɺʳʯʠʩʣʠʪʴ ʤʘʩʩʫ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ 2 20,5 ( )z x y= Ö + ʧʨʠ 1¢z , ʝʩʣʠ ʧʣʦʪʥʦʩʪʴ z=g . 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

0,4,3,6 ====+ zyzxyyx . 

10. ʅʘʡʪʠ  ʩʪʘʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, 

ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 2 2 24 , 4 , 0x y y z x z+ = = - =. 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 
2 2 2 249 9 , 3, 9 33z x y z x y= - - = + = (ʚʥʫʪʨʠ ʮʠʣʠʥʜʨʘ). 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2

2 2 236 100, , 3
63 3

x y x
x y z z y x

+
¢ + + ¢ ²- ¢ ¢. 
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1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) [ ]2,0,2,2,2:,
1

),,( Í=-==
-

= tztytxL
yx

zyxf ; 

2) ( )2 2( , , ) 2 3 , : 1, 3 0, 0f x y z x y z L x y z x y= + + + = = ² ¢. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ 

( ) ( )
1 1

0 0 1 ln

, ,

y e

y

dy f x y dx dy f x y dx+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ cos( )

D

y xy dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

1
, 3 , , 1

2
y y x xp p= = = =. 

4. ɺʳʯʠʩʣʠʪʴ 2

V

x dxdydzñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

( )10 3 , 1, 0, 0, 0z x y x y x y z= + + = = = =. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 
2 2 2 22 0, 4 0, , 0y y x y y x y x x- + = - + = = =. 

6. ʇʣʘʩʪʠʥʢʘ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 22, 0, 2 ( 0)x y y x y= = = ²; 
27

4

x
yg= +  ï ʧʦʚʝʨʭ-

ʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ.  

7. ɺr ʯʠʩʣʠʪʴ ʤʘʩʩʫ ʦʜʥʦʨʦʜʥʦʡ ʧʣʘʩʪʠʥʳ, ʟʘʜʘʥʥʦʡ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

3 5, 0x y y x¢ + ¢ ¢ ¢. 

8. ɺʳʯʠʩʣʠʪʴ ʤʘʩʩʫ ʧʦʣʫʩʬʝʨʳ  ( )2 2 2 2, 0x y z a z+ + = ²  ʩ ʧʦʚʝʨʭʥʦʩʪʥʦʡ ʧʣʦʪʥʦ-

ʩʪʴʶ  
z

a
g=  . 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

3,0,32,37 =+=== yzzyxyx . 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  
2 2 2 2 2 24 , 7 , , 0x y y x y y z x y z+ = + = = + =. 

11. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠ-

ʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 2 22 18( ), 2 36z x y z y= - + = -. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

( )2 2

2 2 29 64, , ,
99 3 3

x y x x
x y z z y y

+
¢ + + ¢ ² ¢ ¢-. 
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ɺʘʨʠʘʥʪ 22 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) ( )2 2 2( , , ) 2 , : , 0 1f x y z x y z L x y z y y= + + = = ¢ ¢; 

2) 2 2( , , ) , : 2 1,f x y z y x z L x y z x. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ ( ) ( )

22 2 21

0 0 1 0

, ,

xx

dx f x y dy dx f x y dy

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 2 2

xy

D

y e dxdy

-

ññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

0, 1,
2

x
x y y= = =. 

4. ɺʳʯʠʩʣʠʪʴ (8 12 )

V

y z dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2, 0, 1, 3 2 , 0y x y x z x y z= = = = + =. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 

x
y

2
= ,  7 xy e= ,  2=y ,  7=y . 

6. ʇʣʘʩʪʠʥʢʘ D  ʟʘʜʘʥʘ ʩʠʩʪʝʤʦʡ ʥʝʨʘʚʝʥʩʪʚ 
2 2

1 5, 0, 2
4 16

x y
x y x¢ + ¢ ² ²; 

y

x
=g  ï ʧʦ-

ʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ.  

7. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʨʘʩʧʦʣʦʞʝʥʥʦʡ ʚ ʧʝʨʚʦʤ ʢʚʘʜʨʘʥʪʝ ʠ ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠ-

ʥʠʷʤʠ 1=xy , 2=xy , xy 2= , yx 2= . 

8. ɺʳʯʠʩʣʠʪʴ ʤʘʩʩʫ ʯʘʩʪʠ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 2x y z+ = , ʚʳʨʝʟʘʥʥʫ ʁ ʧʦʚʝʨʭʥʦʩʪʴʶ 

2 2z x y= + , ʝʩʣʠ ʧʣʦʪʥʦʩʪʴ zg= . 

9. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʣʦʩʢʦʩʪʠ Oxz  ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠ-

ʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

5 35 5
, , 0,

3 9 9

yy y
x x z z . 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

( )2 2 2 24 2 , 16, 0 0x y y z x y z z+ = = + - = ². 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  
2 2 2 29 4 , 22 4z x y z x y= + = - -. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 

( )2 2

2 2 249 144, , ,
99 3 3

x y x x
x y z z y y

+
¢ + + ¢ ¢- ² ²-. 
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ɺʘʨʠʘʥʪ 23 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

1) 2( , , ) , : 2 , 3f x y z y z L y x z= = =, ʦʪ ʪʦʯʢʠ 2,2,3A  ʜʦ ʪʦʯʢʠ 8,4,3B ; 

2) ( )2 2 2( , , ) 3 , : , 2 0, 0f x y z x y z L x y a z x y= + = = ¢ ¢. 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
sin cos4 2

0 0 0

4

, ,

x x

dx f x y dy dx f x y dy

p p

p

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ  sin(2 )

D

y xy dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ 

2,
2

1
,

2

3
,

2
==== xxyy

pp
. 

4. ɺʳʯʠʩʣʠʪʴ 63(1 2 )

V

y dxdydz+ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

, 0, 1, , 0y x y x z xy z= = = = =. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 227x y= - , 6x y=- . 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ D, ʟʘʜʘʥʥʦʡ ʩʠʩʪʝʤʦʡ ʥʝʨʘʚʝʥʩʪʚ 
2 2

1 5, 0,
9 4

x y
x¢ + ¢ ² 

2

3

x
y² , ʝʩʣʠ  

y

x
=g  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ.  

7. ɺʳʯʠʩʣʠʪʴ 

3

D

x y
dxdy

a b

å õ
+æ öæ ö

ç ÷
ññ , ʛʜʝ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʝʡ 1=+

b

y

a

x
 ʠ 

ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ. 

8. ɺʳʯʠʩʣʠʪʴ 2 21 4 4y x d

s

s+ +ñ , ʛʜʝ  ï ʢʦʥʝʯʥʘʷ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 2 21z x y= - - , 

ʦʪʩʝʯʝʥʥʘʷ ʧʣʦʩʢʦʩʪʴʶ 0=z . 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

2 2 10
18, 3 , 0, 0,

11

y
x y x y x z z+ = = = = =. 

10. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ 

2 2 217
2 0, , 0

4
x y x z y z+ + = = - =. 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

( )2 2

2 2
4

16 4 ,
15

x y
z x y z

+
= - - = . 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
2 2

2 2 29 81, 0 , 0,
24 3

x y x
x y z z y y

+
¢ + + ¢ ¢ ¢ ¢ ¢. 
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ɺʘʨʠʘʥʪ 24 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

 1) 2 2( , , ) , : 9,f x y z x y z L x y z y= + = =; 

2) ( , ) ,f x y y= L ï ʧʦʣʦʚʠʥʘ ʢʨʠʚʦʡ )0(cos1 ¢+= yjr . 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )
2

1 0 0 0

12 2

, ,

yy

dy f x y dx dy f x y dx

-

-- - -

+ñ ñ ñ ñ. 

3. ɺʳʯʠʩʣʠʪʴ 2 cos( )

D

y xy dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

0, , 2x y y xp= = =. 

4. ɺʳʯʠʩʣʠʪʴ ñññ+
V

dxdydzyx )( , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

2 2, 0, 1, 30 60 , 0y x y x z x y z= = = = + =. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ  
272x y= - , 26x y= , 0=y , ( )0²y . 

6. ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ D, ʟʘʜʘʥʥʦʡ ʩʠʩʪʝʤʦʡ ʥʝʨʘʚʝʥʩʪʚ 
2 2 3

1 9, 0
4 9 2

x y
y x¢ + ¢ ¢ ¢, 

ʝʩʣʠ 5x yg=  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

7. ɺʳʯʠʩʣʠʪʴ 

2

3 2
D

x y
dxdy

å õ
+æ öæ ö

ç ÷
ññ , ʛʜʝ ʦʙʣʘʩʪʴ D  ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʝʡ 1

23
=+

yx
 ʠ 

ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ. 

8. ɺʳʯʠʩʣʠʪʴ ( )2 23 5 3 2x y z d

s

s+ + -ñ , ʛʜʝ  ï ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 2 2y x z= + , ʦʪʩʝ-

ʯʝʥʥʘʷ ʧʣʦʩʢʦʩʪʷʤʠ 0=y , by= . 

9. ʅʘʡʪʠ ʢʦʦʨʜʠʥʘʪʳ ʮʝʥʪʨʘ ʪʷʞʝʩʪʠ ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦ-

ʩʪʷʤʠ  

0,
5

4
,3,6 ====+ z

x
zyxyx . 

10. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

( )2 2 2 2 2 29 , 12 , , 0, 0 0x y x x y x z x y z y y+ = + = = + = = ². 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  
2 2 2 236 , 2, 27z x y z x y= - - = + = (ʚʥʫʪʨʠ ʮʠʣʠʥʜʨʘ). 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ  
2 2

2 2 249 169, 0, 0,
24 3

x y x
x y z z y y

+
¢ + + ¢ - ¢ ¢ ² ². 
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ɺʘʨʠʘʥʪ 25 

 

1. ɺʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣ ( , , )

L

f x y z dlñ  ʦʪ ʬʫʥʢʮʠʠ ),,( zyxf  ʧʦ ʜʫʛʝ ʢʨʠʚʦʡ L: 

 1) 2 2 3 3( , , ) 3 , : cos , sin , 2 0,
2

f x y z x y z L x t y t z t
pè ø

= + = = = Íé ù
ê ú

; 

2) 2 2( , , ) , : 16, 0f x y z x y L x y x= - + = ². 

2. ʀʟʤʝʥʠʪʴ ʧʦʨʷʜʦʢ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʚ ʠʥʪʝʛʨʘʣʝ  

( ) ( )

31 2 2

0 0 1 0

, ,

x x

dx f x y dy dx f x y dy

-

+ñ ñ ñ ñ . 

3. ɺʳʯʠʩʣʠʪʴ 36

xy

D

ye dxdyññ , ʝʩʣʠ ʦʙʣʘʩʪʴ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʷʤʠ  

6,3,3ln,2ln ==== xxyy . 

4. ɺʳʯʠʩʣʠʪʴ
2

1
6 4 16

V

dxdydz

x y zå õ
+ + +æ ö

ç ÷

ñññ , ʝʩʣʠ ʦʙʣʘʩʪʴ V  ʦʛʨʘʥʠʯʝʥʘ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

0,0,0,1
1646

====++ zyx
zyx

. 

5. ʅʘʡʪʠ ʧʣʦʱʘʜʴ ʬʠʛʫʨʳ, ʦʛʨʘʥʠʯʝʥʥʦʡ ʣʠʥʠʷʤʠ 26y x= - , 26 6y x= - -. 

6. ʇʣʘʩʪʠʥʢʘ D ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʝʡ 
2 2

1
4 25

x y
+ =;  4xg=  ï ʧʦʚʝʨʭʥʦʩʪʥʘʷ ʧʣʦʪʥʦʩʪʴ. 

ʅʘʡʪʠ ʤʘʩʩʫ ʧʣʘʩʪʠʥʢʠ. 

7. ɺʳʯʠʩʣʠʪʴ 
2 3

D

x y
dxdy

å õ
+æ öæ ö

ç ÷
ññ , ʛʜʝ ʦʙʣʘʩʪʴ D   ʦʛʨʘʥʠʯʝʥʘ ʣʠʥʠʝʡ 1

32
=+

yx
 ʠ 

ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ. 

8. ɺʳʯʠʩʣʠʪʴ ( )x y z d

s

s+ñ , ʛʜʝ  ï ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 2 2x b y= - , ʦʪʩʝʯʝʥʥʘʷ ʧʣʦʩ-

ʢʦʩʪʷʤʠ 0=z ,  cz= . 

9. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

( )15 , 15 , 0, 15 1y x y x z z x= = = = +. 

10. ʅʘʡʪʠ ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ Oz ʦʜʥʦʨʦʜʥʦʛʦ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ 

ʧʦʚʝʨʭʥʦʩʪʷʤʠ ( )2 2 2 22 2 0, 4, 0 0x y x z x y z z+ + = = + - = ². 

11. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  

( )2 24 6 , 12 4z x y z y= - + = +. 

12. ʅʘʡʪʠ ʦʙʲʝʤ ʪʝʣʘ, ʟʘʜʘʥʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘʤʠ 
2 2 2 2

2 2 216 100, , 0
3 35

x y x y
x y z z y x

+ +
¢ + + ¢ - ¢ ¢ ¢ ¢. 



 28 

ʀʥʜʠʚʠʜʫʘʣʴʥʳʝ ʟʘʜʘʥʠʷ ʧʦ ʪʝʦʨʠʠ ʧʦʣʷ 
ɺʘʨʠʘʥʪ 1 

 

1. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʧʦʣʷ 
22 2

2yx zu x y z
y z x

= + + -  ʚ ʪʦʯʢʝ ( )1,2,1A  ʚ ʥʘʧʨʘʚʣʝʥʠʠ, 

ʦʙʨʘʟʫʶʱʝʤ ʨʘʚʥʳʝ ʦʩʪʨʳʝ ʫʛʣʳ ʩ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ. 

2. ʅʘʡʪʠ ʫʛʦʣ ʤʝʞʜʫ ʛʨʘʜʠʝʥʪʘʤʠ ʩʢʘʣʷʨʥʳʭ ʧʦʣʝʡ  

( )
2

2
, , xu x y z

y z
= , ( )

3
3 3, , 6 3 6

2
xv x y z y z= + +   ʚ ʪʦʯʢʝ öö

÷

õ
ææ
ç

å

3

1
,

2

1
,2ʄ . 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ ( )2 2 2
2

1
2 1 2

z
à x y z z i x z j x y x z k

xx

å õ å õ
= + - + - + + +æ öæ ö

ç ÷ç ÷
 ʧʦʪʝʥʮʠʘʣʴ-

ʥʦ.  ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ʛʨʘʜʠʝʥʪʦʚ ʬʫʥʢʮʠʠ ( ) 2, ,u ʭ y z y xz x z= + + -. 

5. ɺʳʯʠʩʣʠʪʴ ʨʘʙʦʪʫ ʩʠʣʳ ( ) ( ) ( )2 2 2F y z x i x z y j x y z k= - + - + - ʧʨʠ ʧʝʨʝʤʝʱʝʥʠʠ 

ʧʦ ʣʠʥʠʠ 

2 2

1,
4 16

1

x y

z

ë
î + =
ì
î =í

 ʠʟ ʪʦʯʢʠ ( )2,0,1A  ʚ ʪʦʯʢʫ ( )0,4,1B . 

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ 2a y i y j xk= + +  ʯʝʨʝʟ ʧʣʦʩʢʠʡ ʪʨʝʫʛʦʣʴʥʠʢ ʩ ʚʝʨʰʠʥʘ-

ʤʠ ʚ ʪʦʯʢʘʭ ( ) ( ) ( )2,0,0 , 0, 1, 0 , 2,0,4A B C- . ʅʦʨʤʘʣʴʥʳʡ ʚʝʢʪʦʨ ʧʣʦʩʢʦʩʪʠ ʦʙʨʘʟʫʝʪ 

ʦʩʪʨʳʡ ʫʛʦʣ ʩ ʦʩʴʶ OX . 

7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ ( ) ( ) ( )2a x y i y z j x y z k= + + + + + + ʯʝʨʝʟ ʧʦʣʫʩʬʝʨʫ 

2 2 2z R R x y= - - - ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

8. ʇʨʦʚʝʨʠʪʴ ʬʦʨʤʫʣʫ ʉʪʦʢʩʘ ʜʣʷ ʧʦʣʷ ( )2a y z i x z x x j x y k= + - + +, ʧʨʠʥʠʤʘʷ ʟʘ 

ʧʦʚʝʨʭʥʦʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʙʦʢʦʚʫʶ ʧʦʚʝʨʭʥʦʩʪʴ ʧʠʨʘʤʠʜʳ, ʦʛʨʘʥʠʯʝʥʥʫʶ ʧʣʦʩ-

ʢʦʩʪʷʤʠ ( )3 2 6, 0, 0 0x y z x y z- - = = = ¢, ʘ ʟʘ ʢʦʥʪʫʨ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ï ʣʠʥʠʶ ʧʝʨʝ-

ʩʝʯʝʥʠʷ ʝʸ ʩ ʧʣʦʩʢʦʩʪʴʶ 0z= .  

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ( )div rot 0a = . 

10.  ɺʳʯʠʩʣʠʪʴ ( )( ),r a bÐ³ , ʛʜʝ a
d
 ʠ b
d
 ʧʦʩʪʦʷʥʥʳʝ ʚʝʢʪʦʨʳ, ʘ r

d
 - ʨʘʜʠʫʩ-ʚʝʢʪʦʨ 

ʪʦʯʢʠ.  

ɺʘʨʠʘʥʪ 2 

1. ɼʘʥʦ ʩʢʘʣʷʨʥʦʝ  ʧʦʣʷ 2 2 2( )u M x y z= + -. ʅʘʡʪʠ 2 1, , .u u
u

Ð Ð Ð  ʇʦʩʪʨʦʠʪʴ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʫʨʦʚʥʷ 0, 1, 2.u u u= = =  

2. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ( )2( , , ) 4ln 3 8u x y z x x y z= + -  ʚ ʪʦʯʢʝ 

( )1,1,1M  ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 22 2 1x y z- + =, ʦʙʨʘʟʫʶʱʝʡ ʪʫ-

ʧʦʡ ʫʛʦʣ ʩ ʧʦʣʦʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ OZ . 
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3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ ( ) ( )2 3 3
2 2

1 2 2
3 2

y x
à x y z i x j x z k

y xx y

å õå õ
= - + + + - - + - -æ ö æ ö
ç ÷ ç ÷

 ʧʦʪʝʥ-

ʮʠʘʣʴʥʦ.  ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ʛʨʘʜʠʝʥʪʦʚ ʬʫʥʢʮʠʠ ( ) 2, ,u ʭ y z z xy x y= + + -. 

5. ɺʳʯʠʩʣʠʪʴ ʨʘʙʦʪʫ ʩʠʣʳ 
2 2 21

y z i x z j x y k
F

x y z

+ +
=

+
 ʧʨʠ ʧʝʨʝʤʝʱʝʥʠʠ ʧʦ ʣʠʥʠʠ  

() 2 2: 1, 9 4L x y z= + = ʠʟ ʪʦʯʢʠ ( )11, 3 ,  
3

A  ʚ ʪʦʯʢʫ 
1

1, 1, .
3

B
å õ
æ ö
ç ÷

 

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ ( ) 22a x y i z j y k= + + + ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 

2 2 4x y+ =, ʣʝʞʘʱʫʶ ʚ I ʦʢʪʘʥʪʝ ʠ ʦʪʩʝʯʝʥʥʫʶ ʧʣʦʩʢʦʩʪʷʤʠ 0, 3z z= =,  ʚ ʥʘʧʨʘʚʣʝ-

ʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ ( )a x y i x y j z xk= - + -  ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 

2 27y z x= - +, ʦʪʩʝʯʝʥʥʫʶ ʧʣʦʩʢʦʩʪʴʶ 3y=  ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

8. ʇʨʦʚʝʨʠʪʴ ʬʦʨʤʫʣʫ ʉʪʦʢʩʘ ʜʣʷ ʧʦʣʷ ʚʝʢʪʦʨʘ ( ) 22 3a z i x z j x z k= - + - , ʧʨʠʥʠ-

ʤʘʷ ʟʘ ʧʦʚʝʨʭʥʦʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ  ʧʦʚʝʨʭʥʦʩʪʴ, ʣʝʞʘʱʫʶ ʚ I ʦʢʪʘʥʪʝ,  ʦʙʨʘʟʦʚʘʥ-

ʥʫʶ ʧʦʚʝʨʭʥʦʩʪʴʶ 2 1y x z= - - ʠ ʧʣʦʩʢʦʩʪʷʤʠ 0, 0x z= =, ʘ ʟʘ ʢʦʥʪʫʨ ʠʥʪʝʛʨʠʨʦʚʘ-

ʥʠʷ ï ʣʠʥʠʶ ʧʝʨʝʩʝʯʝʥʠʷ ʵʪʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʩ ʧʣʦʩʢʦʩʪʴʶ 0y= . 

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ grada u v= Ö  ʦʨʪʦʛʦʥʘʣʝʥ ʢ ʚʝʢʪʦʨʫ rota, ʝʩʣʠ ( , , ),u ʭ y z 

( , , )v ʭ y z-ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʝ ʩʢʘʣʷʨʥʳʝ ʬʫʥʢʮʠʠ. 

10. ʅʘʡʪʠ ( )( )a r bÐÖ ³ ³, ʛʜʝ a i j k= + - ʠ  2 4b i j k= + - , r x i y j z k= + +. 

ɺʘʨʠʘʥʪ 3 

1. ʅʘʡʪʠ ʛʨʘʜʠʝʥʪ  ʧʦʣʷ 1
( )u ʄ

r
= , ʛʜʝ 2 2 2r x y z= + +, ( ), ,M x y z . ʇʦʩʪʨʦʠʪʴ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʫʨʦʚʥʷ ʧʦʣʷ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʟʥʘʯʝʥʠʷʤ 1, 2, 3.u u u= = =  

2. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ( , , )u x y z x y y z= +  ʚ ʪʦʯʢʝ ( )2,4,2ʄ  ʧʦ 

ʥʘʧʨʘʚʣʝʥʠʶ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ 2 24 2 0z x y+ - =, ʦʙʨʘʟʫʶʱʝʡ ʪʫʧʦʡ ʫʛʦʣ ʩ ʧʦ-

ʣʦʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ OZ . 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ ( ) ( ) ( )3 1 33 1 3 ln 1y yà y x i x x z j y k-= - + - + - - ʧʦʪʝʥʮʠʘʣʴʥʦ. 

ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ʛʨʘʜʠʝʥʪʦʚ ʬʫʥʢʮʠʠ 21( , , )
2

u ʭ y z yz x y z= + + -. 

5. ɺʳʯʠʩʣʠʪʴ ʨʘʙʦʪʫ ʩʠʣʳ 
2 2 2

y z i x z j x y k
F

z y y z x

- -
=

-
 ʧʨʠ ʧʝʨʝʤʝʱʝʥʠʠ ʧʦ ʧʨʷʤʦʡ ʦʪ 

ʪʦʯʢʠ 
1

2 , 2 2 ,  
2

A
å õ
æ ö
ç ÷

 ʜʦ ʪʦʯʢʠ ( )2,4, 1 .B  

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ z
a y i j k

p
= + +  ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 2 26z x y= - +, 

ʣʝʞʘʱʫʶ ʚ IV ʦʢʪʘʥʪʝ,  ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 
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7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ 2 2 22 2 4a x i y j z k= + +  ʯʝʨʝʟ ʟʘʤʢʥʫʪʫʶ ʧʦʚʝʨʭʥʦʩʪʴ, ʦʙʨʘʟʦ-

ʚʘʥʥʫʶ ʧʦʣʫʩʬʝʨʦʡ  2 24z x y= - - ʠ ʧʘʨʘʙʦʣʦʠʜʦʤ 2 22 1z x y= + -, ʚ ʥʘʧʨʘʚʣʝʥʠʠ 

ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

8. ʇʨʦʚʝʨʠʪʴ ʬʦʨʤʫʣʫ ʉʪʦʢʩʘ ʜʣʷ ʧʦʣʷ ʚʝʢʪʦʨʘ ( )2 2 24 4a x i y y z j z k= + + - , ʧʨʠ-

ʥʠʤʘʷ ʟʘ ʢʦʥʪʫʨ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʦʢʨʫʞʥʦʩʪʴ 2 2 9, 1,y z x+ = = ʘ ʟʘ ʧʦʚʝʨʭʥʦʩʪʴ ʠʥʪʝ-

ʛʨʠʨʦʚʘʥʠʷ ï ʧʦʚʝʨʭʥʦʩʪʴ ʮʠʣʠʥʜʨʘ 2 2 9, 5,y z x+ = = ʥʘʪʷʥʫʪʫʶ ʥʘ ʵʪʦʪ ʢʦʥʪʫʨ. 

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ( )rot rot gradu a u a u a= + ³, ʛʜʝ ),,( zyʭuu=  Ƅ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ 

ʬʫʥʢʮʠʷ. 

10. ʅʘʡʪʠ ( )( )f rÐÖ Ð , ʛʜʝ r -ʨʘʜʠʫʩ-ʚʝʢʪʦʨ ʪʦʯʢʠ, ,r r=  ( )f x -ʧʨʦʠʟʚʦʣʴʥʘʷ ʜʚʘ-

ʞʜʳ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ ʬʫʥʢʮʠʷ. ɺ ʢʘʢʦʤ ʩʣʫʯʘʝ ( )( ) 0f rÐÖ Ð =? 

ɺʘʨʠʘʥʪ 4 

1. ʅʘʡʪʠ ʚʝʢʪʦʨ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ, ʧʦʪʝʥʮʠʘʣ ʢʦʪʦʨʦʛʦ ʠʤʝʝʪ 
ʚʠʜ ( ),u a r= , ʛʜʝ a

d
 Ƅ ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ, r

d
 Ƅ ʨʘʜʠʫʩ-ʚʝʢʪʦʨ ʪʦʯʢʠ ʧʦʣʷ. ʇʦʩʪʨʦʠʪʴ 

ʧʦʚʝʨʭʥʦʩʪʠ ʨʘʚʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ 1, 2u u=° =°, ʝʩʣʠ 2 3a i j k= + + . 

2. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ( )2( , , ) 2ln 6 4u x y z x x y z= + -  ʚ ʪʦʯʢʝ 

( )1, 1, 1ʄ  ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 22 2 1x y z+ - =, ʦʙʨʘʟʫʶʱʝʡ ʦʩʪ-

ʨʳʡ ʫʛʦʣ ʩ ʧʦʣʦʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ OZ . 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ 
( ) ( )

2 2 2

1 1
2 1

1 1

z y z y
ʘ i y j k

x xx x y x y

å õ å õ
å õ

æ ö æ ö= + + - - - +æ ö
æ ö æ öç ÷+ - + -ç ÷ ç ÷

 

ʧʦʪʝʥʮʠʘʣʴʥʦ. ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ( ) ( ) ( )1 1 2a y i x j z k= - + + + -. 

5. ɺʳʯʠʩʣʠʪʴ ʨʘʙʦʪʫ ʩʠʣʳ 
2x

F i x y j z k
y

= + +  ʧʨʠ ʧʝʨʝʤʝʱʝʥʠʠ ʧʦ ʤʝʥʴʰʝʡ ʜʫʛʝ 

ʢʨʠʚʦʡ 2/3 2/3 2/32 , 1x z y+ = = ʦʪ  ʪʦʯʢʠ ( )2,1, 0  A  ʢ ʪʦʯʢʝ ( )0, 1, 2 ,B   

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ ( )1 4a x j z k
p

= + +  ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 2 24z x y= - -, 

ʣʝʞʘʱʫʶ ʚ IV ʦʢʪʘʥʪʝ, ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ ( ) ( ) ( )a x z i x y j y z k= + + + + + ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 

( )
22 1z x y= + - , ʦʪʩʝʯʝʥʥʫʶ ʧʣʦʩʢʦʩʪʴʶ 1z= , ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

8. ʇʨʦʚʝʨʠʪʴ ʬʦʨʤʫʣʫ ʉʪʦʢʩʘ ʜʣʷ ʧʦʣʷ ( ) ( )2 24a y z x z i x z j x y y k= + + + + +, ʧʨʠ-

ʥʠʤʘʷ ʟʘ ʢʦʥʪʫʨ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʵʣʣʠʧʩ 2 29 4 36, 0,z x y+ = = ʘ ʟʘ ʧʦʚʝʨʭʥʦʩʪʴ ʠʥʪʝ-

ʛʨʠʨʦʚʘʥʠʷ ï ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ ( )2 29 4 36 0 3z x y+ = ¢ ¢ ʠ ʯʘʩʪʴ ʧʣʦʩʢʦʩʪʠ .3=y  

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ( )div rot rota b b a a b³ = Ö - Ö.  

10.  ʅʘʡʪʠ ( )r aÐ³ , ʛʜʝ 3 2a i j k= - +, ʘ 2 2 2.r x y z= + +  



 31 

ɺʘʨʠʘʥʪ 5 

1. ʇʦʪʝʥʮʠʘʣ ʵʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʦʛʦ ʧʦʣʷ ʠʤʝʝʪ ʚʠʜ 2 2 2( , , )u x y z x y z= + +. ʅʘʡʪʠ 

ʜʣʠʥʫ ʠ ʥʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʧʦʣʷ. ʂʘʢʫʶ ʬʦʨʤʫ ʠʤʝʶʪ ʵʢʚʠʧʦ-

ʪʝʥʮʠʘʣʴʥʳʝ ʧʦʚʝʨʭʥʦʩʪʠ?  

2. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ 2 2 21( , , ) 5
4

u x y z x y x z= - +  ʚ ʪʦʯʢʝ 

( )12, , 1
2

ʄ -  ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 24 4z x y= + -, ʦʙʨʘʟʫʶʱʝʡ ʪʫ-

ʧʦʡ ʫʛʦʣ ʩ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ OZ . 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ 
2 2 2

1 1 1 12 2 2
2

à x y i x y j z k
x y z x y z x y z

å õ å õ å õ
= + - + + + + - -æ ö æ ö æ ö
ç ÷ ç ÷ ç ÷

 

ʧʦʪʝʥʮʠʘʣʴʥʦ. ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ( ) ( ) ( )1 3 3a x i z j y k= - + + + + +. 

5. ɺʳʯʠʩʣʠʪʴ ʨʘʙʦʪʫ ʚʝʢʪʦʨʘ ʩʠʣʳ 
2xF i x y j x z k
y

= + +  ʧʦ ʤʝʥʴʰʝʡ ʜʫʛʝ ʦʢʨʫʞ-

ʥʦʩʪʠ 2 2 1, 1x z y+ = =, ʦʪ  ʪʦʯʢʠ ( )1,1,0  A  ʜʦ ʪʦʯʢʠ ( )0,1,1 .B  

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ a xi x j z k= + +  ʯʝʨʝʟ ʧʣʦʩʢʠʡ ʪʨʝʫʛʦʣʴʥʠʢ ʩ ʚʝʨʰʠʥʘʤʠ 

ʚ ʪʦʯʢʘʭ ( ) ( ) ( )4,0,0 , 0,2,0 , 4,0,4A B C- - . ʅʦʨʤʘʣʴʥʳʡ ʚʝʢʪʦʨ ʧʣʦʩʢʦʩʪʠ ʦʙʨʘʟʫʝʪ ʩ 

ʦʩʴʶ OY ʦʩʪʨʳʡ ʫʛʦʣ. 

7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ 2 22a y i y j z k= + +  ʯʝʨʝʟ ʛʨʘʥʠʮʫ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʦʙʣʘʩʪʠ 

( )2 2 2 21 6
3

x y z x y+ < < - + ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

8. ʇʨʦʚʝʨʠʪʴ ʬʦʨʤʫʣʫ ʉʪʦʢʩʘ ʜʣʷ ʧʦʣʷ ʚʝʢʪʦʨʘ ( )2 22 2 3a x y i x y z j y k= + + + , ʧʨʠ-

ʥʠʤʘʷ ʟʘ ʢʦʥʪʫʨ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʘʩʪʨʦʠʜʫ3 3cos , sin , 0,x t y t z= = =ʘ ʟʘ ʧʦʚʝʨʭʥʦʩʪʴ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ï ʯʘʩʪʴ ʧʣʦʩʢʦʩʪʠ XOY, ʦʛʨʘʥʠʯʝʥʥʫʶ ʘʩʪʨʦʠʜʦʡ. 

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ ʚʝʢʪʦʨʘ u vÐ ³Ð ʩʦʣʝʥʦʠʜʘʣʴʥʦ, ʝʩʣʠ ( ), ,u u ʭ y z= , 

( ), ,v v ʭ y z= -ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʝ ʩʢʘʣʷʨʥʳʝ ʬʫʥʢʮʠʠ. 

10. ʅʘʡʪʠ a
dd
³Ð , ʛʜʝ ( )cos 2a r y i j x z k= - + , r -ʨʘʜʠʫʩ-ʚʝʢʪʦʨ ʪʦʯʢʠ, .r r=   

ɺʘʨʠʘʥʪ 6 

1. ʇʦʪʝʥʮʠʘʣ ʵʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʦʛʦ ʧʦʣʷ ʠʤʝʝʪ ʚʠʜ ( )( )2 2 2, ,u x y z x y z= + -. ʅʘʡʪʠ 

ʤʦʜʫʣʴ ʠ ʥʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʧʦʣʷ. ʂʘʢʫʶ ʬʦʨʤʫ ʠʤʝʶʪ ʵʢʚʠʧʦ-

ʪʝʥʮʠʘʣʴʥʳʝ ʧʦʚʝʨʭʥʦʩʪʠ ʧʦʣʷ?  

2. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ ( ) 2 3, ,u x y z x z x y= -  ʚ ʪʦʯʢʝ ( )4,2,2ʄ  ʧʦ 

ʥʘʧʨʘʚʣʝʥʠʶ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ 2 2 3 12 0x y z- - + =, ʦʙʨʘʟʫʶʱʝʡ ʦʩʪʨʳʡ ʫʛʦʣ ʩ 

ʧʦʣʦʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ OZ . 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ  

2
2 2

11 2z zʘ yz z y i xz x j xy xz k
x yx y x y

å õå õ å õ
= + - + + - - + + + -æ öæ öæ ö

ç ÷ç ÷ ç ÷
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ʧʦʪʝʥʮʠʘʣʴʥʦ. ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ʚʝʢʪʦʨʘ ( )
2

a y i x j x y k= + + - . 

5. ɺʳʯʠʩʣʠʪʴ ʨʘʙʦʪʫ ʚʝʢʪʦʨʘ ʩʠʣʳ ( ) ( ) ( )F y z i z x j x y k= - + - + - ʧʨʠ ʧʝʨʝʤʝʱʝ-

ʥʠʠ ʧʦ ʣʠʥʠʠ 
2 2 16,

4 4.
x y
x z

ë + =
ì
+ =í

 

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ ( ) 22a x z i x j y k= + + +  ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 

2 2 4,x y+ =  ʣʝʞʘʱʫʶ ʚʦ II  ʦʢʪʘʥʪʝ ʠ ʦʪʩʝʯʝʥʥʫʶ ʧʣʦʩʢʦʩʪʷʤʠ 0, 1,z z= = ʚ ʥʘʧʨʘʚʣʝ-

ʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ.  

7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ 2a x z i x y j z k= + +  ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 2 2z x y=- +, ʦʪ-

ʩʝʯʝʥʥʫʶ ʧʣʦʩʢʦʩʪʴʶ 2z=-, ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

8. ʇʨʦʚʝʨʠʪʴ ʬʦʨʤʫʣʫ ʉʪʦʢʩʘ ʜʣʷ ʧʦʣʷ ʚʝʢʪʦʨʘ ( )a y i x j x y k= + + +, ʧʨʠʥʠʤʘʷ ʟʘ  

ʧʦʚʝʨʭʥʦʩʪʴ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ï ʧʦʚʝʨʭʥʦʩʪʴ, ʣʝʞʘʱʫʶ ʚ ʧʝʨʚʦʤ ʦʢʪʘʥʪʝ, ʦʙʨʘʟʦ-

ʚʘʥʥʫʶ ʧʘʨʘʙʦʣʦʠʜʦʤ  2 24 ,x z y= - - ʘ ʟʘ ʢʦʥʪʫʨ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ï ʣʠʥʠʶ ʧʝʨʝʩʝʯʝ-

ʥʠʷ ʵʪʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʩ ʧʣʦʩʢʦʩʪʴʶ 0x= .  

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ( )div div grad ,u a u a a u= +  ʛʜʝ ),,( zyʭuu=  Ƅ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ 

ʬʫʥʢʮʠʷ. 

10. ʅʘʡʪʠ a
dd
³Ð  ʠ a

dd
ÖÐ , ʜʣʷ ʧʦʣʷ ʚʝʢʪʦʨʘ ( )sin 2 3a r x i y j z k= - + , ʛʜʝ ,r r=   

r -ʨʘʜʠʫʩ-ʚʝʢʪʦʨ ʪʦʯʢʠ.  

ɺʘʨʠʘʥʪ 7 

1. ʇʦʪʝʥʮʠʘʣʴʥʘʷ ʵʥʝʨʛʠʷ ʯʘʩʪʠʮ ʠʤʝʝʪ ʚʠʜ ( ), , ln ,u x y z r=  ʛʜʝ r-ʤʦʜʫʣʴ ʨʘʜʠʫʩ-

ʚʝʢʪʦʨʘ r
d
 ʯʘʩʪʠʮʳ. ʅʘʡʪʠ ʩʠʣʫ F

d
, ʜʝʡʩʪʚʫʶʱʫʶ ʥʘ ʯʘʩʪʠʮʫ. ʂʘʢʫʶ ʬʦʨʤʫ ʠʤʝʶʪ 

ʧʦʚʝʨʭʥʦʩʪʠ, ʜʣʷ ʢʦʪʦʨʳʭ ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ ʩʠʣʳ F
d

 ʧʦʩʪʦʷʥʝʥ? ʀʟʦʙʨʘʟʠʪʴ ʵʪʠ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʜʣʷ ʩʣʫʯʘʝʚ 1,F =   

2. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣʷ  ʚ ʪʦʯʢʝ  ʧʦ 

ʥʘʧʨʘʚʣʝʥʠʶ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ , ʦʙʨʘʟʫʶʱʝʡ ʦʩʪʨʳʡ ʫʛʦʣ ʩ ʧʦʣʦ-

ʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ . 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ  

ʧʦʪʝʥʮʠʘʣʴʥʦ. ʅʘʡʪʠ ʧʦʪʝʥʮʠʘʣ ʧʦʣʷ. 

4. ʅʘʡʪʠ ʚʝʢʪʦʨʥʳʝ ʣʠʥʠʠ ʧʦʣʷ ʚʝʢʪʦʨʘ . 

5. ɺʳʯʠʩʣʠʪʴ ʮʠʨʢʫʣʷʮʠʶ ʚʝʢʪʦʨʘ  ʚʜʦʣʴ ʢʦʥʪʫʨʘ 

. 

6. ɺʳʯʠʩʣʠʪʴ ʧʦʪʦʢ ʧʦʣʷ  ʯʝʨʝʟ ʯʘʩʪʴ ʧʦʚʝʨʭʥʦʩʪʠ 

, ʣʝʞʘʱʫʶ ʚ I ʦʢʪʘʥʪʝ, ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ. 

7. ʅʘʡʪʠ ʧʦʪʦʢ ʧʦʣʷ  ʯʝʨʝʟ ʛʨʘʥʠʮʫ ʚʳʧʫʢʣʦʡ ʦʙʣʘʩʪʠ, ʟʘʢʣʶ-

ʯʝʥʥʦʡ ʤʝʞʜʫ ʧʦʚʝʨʭʥʦʩʪʷʤʠ  ʠ , ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʥʝʰ-

ʥʝʡ ʥʦʨʤʘʣʠ. 


